f) Chaotic Pendulum.

A pendulum is formed by a point of massattached at the end of a rigid massless bar of
lengthl that can rotate in a plane around the other enckriitine bar form an angfewith
the vertical, under the action of the gravity, mjtee mgl siné is applied to the pendulum
that tends to rotate it towards the vertical equlim positiong is the gravity constant. As
the pendulum moves a friction torque &' is also applied to it, that is proportional and
contrary to the angular speed=6'. An external oscillatory torqukcosg is also applied,
where the angl& increases linearly with timez = kt + a. The analogue to Newton’s law
for rotation establishes that:

Moment of inertixangular acceleration = sum of all torques

ml?8" = —s@' — mglsend + hcosyp

whereml ?is the moment of inertia of the pendulum relativéts$ rotation point. Dividing
by this quantity and callingf=s/ml?,r =mgl /ml?, b = h/ml?the differential equation
for the angled is obtained:

6" =-qf' —rsend +bcosg

This second order differential equation can bedfiemm in a system of two first order
differential equations. If the angular velociky= &' is introduced, the equations for the
system are:

&' =-ra-rsend +bcosg

0'=a

¢ =k

It is seen that for certain values of the paransei{gee Exercise 22) the state point of the
system in the state spacg8, ¢ is yery complex. In the figure a projection in thed

plane is shown. This does not correspond to tresidaquilibrium schemas (attractors)
mentioned in d) above (asymptotic or oscillatingngg saddle points or limit cycles). They
are calledstrange attractors. The observation of the trajectory does not shoy a
periodicity or regularity and it seems totally rand in spite of the deterministic nature of
the equations of the system. Experiments with tuagons (see example 1 in the
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appendix) show that to very small differences betwitial conditions corresponds quite
different trajectories.

Little changes in the parameters also produce gtcbanges in the trajectories. This type
of behavior that appears in somen linear system of three or mor e state variables is
calledchaotic behavior and are found in a lot of differential equationdats of real and
artificial systems. (See Golub 1993; Schuster).

Why many natural systems are chaotic?. The inmigixplanation is that these systems
have some bifurcation states, i.e. states in waishmall perturbation in one of the state
variables may turn the system into different sta&egh is the case of the pendulum. When
by the combination of the external and internatésrit reaches very approximately an
inverted vertical position with zero velocity it snhe very sensitive to very small
exogenous perturbations (for example the air mdoyed butterfly flying some meters
away) which can turn the pendulum to one side emther which will produce very
different future behaviors. So, to very similartetawill succeed very different histories
according to very small and imperceptible changdbe environment. If we re-start the
system with the same initial condition the behawdl be different because some
conditions of the environment will be different. &itic natural processes are not
repeatable.

More subtle is the chaotic behavior of a deternimimodel programmed for a computer
which is a strictly deterministic machine. The ramdexternal perturbations are not in the
program and the chaos might not appear. But theenioai solution of the equations are
not exact and has various sources of errors. Otteeaf are the rounding errors introduced
almost in each one of the millions of numericalrapiens, these errors are unavoidable
because of the finite representation of the reailmers. The result of that combination of
errors is practically unpredictable and is simdéga noise that affects the low order digits
of the values of the variables. So, to stateswloatid be very near the bifurcation in an
exact calculation, the noise may produce an effimailar to the random environmental
perturbations. To very similar states near therbétion points will succeed different
decisions to one or the other side and to thisfaillbw very different histories of the

system. But process in the computer model is furethtiatly different to the natural case: if
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the same run of the model is repeated, the chhistiory will be repeated in exactly the
same way because the operations done are the sainse & the “noise” they produce.

On the other hand if during the computing we intraela small instantaneous change in
one of the variables (simulating the effect of agmag butterfly) the posterior history of the
system will be very different because to a nextrgition state will follow a different
decision than in a run without the perturbation.

Many complex physical or social systems may hal¢ af bifurcation points which may

prediction of the behavior very difficult.

g) Modd of finite differences.

In many situations it is necessary to considentiiaes of the variables at regular intervals
of time. In economic systems the production, paysiespending and other variables are
accounted yearly or monthly, some biological spebi@ve offspring at regular periods
corresponding to seasons, in some educationalsgdtee promotions of students are made
by year or semester. For the models of such systemay be convenient to use models in
which the values of the variables at the end ofr@od depend of the values at the end of

previous periods. For instance:

X = Fi(X 0 Xo (0o X 1€ 1€ 10e-0€ ) 1 =12,..,n  for the state variables and:
Vi = (%% 000X, ) ] =12,...,m  for auxiliary and output variables.
The g,, are exogenous variables,, are the state variables any , the auxiliary variables.

The subscriptd andt +1 indicate that the value of the variable is taketha end of the
periodt andt + lrespectively.

Instead of 1 some other interval lengttcan be used.

These are calledifference equations of thefirst order. Notice the analogy with t models
of differential equations (1) (2) of 4.3.1.

As it happen in differential equations, in some eledlifference equations of higher order
may appear. In these models, values of a variaktienes that differ in more than one
period may exist in the same equation. As in ttee ad differential equations, introducing

new variables may reduce the order of the equatibimss, the equation:

Xz = F (X0 %)
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can be substituted by the system of equationgsifdrder:
X = 4
Zt+1 = f (XI ’ Zt)

In some cases the higher order difference equatiarbe solved directly.

Example. Macroeconomic model. (See Chiang 1985)
If Y, is the total income accumulated during the year a national economic system,
this income will be spent in the same year, a gtyad, in consumption and a quantity
in investment:
Yo =G+,
Assuming that the investment is proportional toittegease in the consumption:
I, =b(C, -C._,)
If the consumers spend a fractianof their income:
C,=aY,, wherea< 1
Substituting in the first one with the appropriatdscripts:
Y, = aY,, +b(aY,, -aY,,)
Y, —a(l-b)Y,_, +abY,_, =0
The solution of this linear second order differahéiquation (see the analogy with 4.1 e) is:
kr' wherekis a constant and is determined by substitution in the equation divitling
bykr'™, the result is:
r‘—a(l-b)yr+ab=0
that is called theharacteristic equation of the difference equation. From it:

. a(12— b) i\/aﬁ(l; b’ _

there are two solutions and the general soluti@nlisear combination of both:

Y, = Ar; +Br,
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from the expression of itresultsr, >0 r, >0.
If the roots are real and different, the solutivay growth or decrease exponentially. If
they are equal, it can be shown that the genehatieo is Y, = Ar; + Btr, that also tends to

0 or . If they are complexes the solution oscillateswaimplitudes convergent to 0 or
diverging, except if it is exactlyab = .1

An economic system iwhich the hypothesis of the model arevalid, is, in general,
divergent or convergent to 0. To maintain it stakih a positive income exogenous
controls are required. This is the function of cahbanks that control the investment by
manipulation of interest rates (changlgand of governments that alter the consumption

manipulating the public expenditure (changa)g

h) Delays.

In some situations an output of an element of yiséesn may adapt gradually to an input.
This may be expressed by a differential equatiomnare intuitively, by a difference
equation (Forrester 19##). A good example is a taitik a variable inflowl (t gnd an
outflowO(t) proportional to the contenA(t (ij may be physically realized by a cylindrical

tank with an outlet in the base through a tube witbugh friction). The system equations

are:
dA
—=1()-0O(t
pm (1) —O(t)
O(t) = KA(t)
From these:
do

— =k(I(t) - Ot

o (1(t) - O(t))

. do

if 1(t) >0() thenE>O the output growths

if 1(t) <O(t1) then(:j—ct) <0 the output decreases

then an equilibrium is reached whdh) = O(t b)scause(:j—ct) =0. The output adapts itself

to the input with some delay that increase& decreases. The inverselgf D =1/k
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is called delay of the system response to an input.
Using difference equations the model of the system
O(t +At) =O(t) + (1 (t) —O(t))At/ D

L) Ol

I

O

G \E(ﬂ
IT) ]

t
At each time interval the output increase is prapoal to the difference between the input
and output. Figure 10 .

=00

at

This type of delay is callefdr st order delay and is modeled by one first order differential
or difference equation.

There are systems with delays of higher order. Tdagybe modeled by a series of first

order delays in which the output of one is the tngfithe following. The model for a third
order delay is:

1)
. L. Ol

Itr)

.-"'—_——__
g N\
/)(t) L

Tit)

M = O |~

Figure4- Third order delay

do, _ B
=10-0,1)3/D
do, _ B
2=(0,()-0,(0)3/D
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do _ ~
=0, -0)3/D

where the total delay of the system has beenluliséd in the three subsystems with the
valueD /3for each one.

The corresponding difference equations are:

O,(t+At) =O,(t) + (I (t) —O,(t))3At/ D

O, (t +At) =0, (t) + (O,(t) —O,(t))3At/D

O(t +At) =O(t) + (O, (t) —O(t)) 3At/ D

As the order of the delay increases the outputdstémbe equal to the input displaced D in

time. Figure 11.

i) Model of self-controlled system. Feed-forward and feed-back.

In many natural and artificial systems it is importthat certain variables remain constant
or have little variation, in spite of changes ih@tendogenous or exogenous perturbing
variables. The body temperature in fowls and mammwalen external temperature or
internal generation of heath change, the outpatraidio when the input signal varies, the
speed of a turbine when the dynamo attached sodiamped by changes in the electric
load, the vertical position of the human beings mitieey raise the arms or lift a weight up,
are examples of systems in which some variables bausontrolled to maintain constant
the values of other variables. There are two maigpsiof control:

i) Throughfeed-forward, that consist in detecting the values of pleetur bing variables,

to estimate their action in thvariablesto be controlled, and to change other variables
(control variables) that compensate the changes in the variables tmbtrolled. Thus, the
flow in the low course of a river can be controll®ddams in its upper course and tributary
rivers that are left to fill during the rainy seasand to yield water during the dry season.
i) Throughfeed-back, that consists in detecting the value of the vaegablbe controlled
and calculate the difference between it and theetksalue. This difference acts on a
control subsystem that modify the action of theymbing or control variables to
compensate that difference. One of the oldest elemmgh an artificial regulated systems

was built by Ctesibius of Aexandria about 270 b@e Bbjective was to maintain constant
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the level of water in a tank to feed a water clttkt requires a constant flow of water. The
entry water goes through a pipe that ends in a@riad funnel. A body floating in the tank
has a conic cap that can enter into the funn#éhelfievel raises the floater raises and the
cone enter the funnel reducing the incoming fldvihé level goes down the cone goes
down and allows the flow to increase. The levehiss kept constant and the outflow in the
bottom is constant. See Figure 12.

Control principles has been developed in a soglaitimathematical theory (Barnett S,
1975).

Example. Thermal regulation of a room.

A room has gas heating that usgs®/sec of gas. The quantity of heat produced by Four
pg where pis a constant.. The room leaks heat at a rate propal to the difference

T —T, between the actual temperatdrend the external temperatufg. So the increase
of heat in the room igpg — k(T —T, Wherek is the conductivity of the boundaries of the
room. The rate of temperature increase is propuatito the increase of heat accumulated

in the room. The regulator subsystem decreasesmases the flow of gas proportionally

to the differencel - T

r

whereT, is the required temperature that is to be maisthiso

the model is:

dT

— =s(gp-k(T-T,

pm (gp — k(T -T))

g =MAX(Qr(T, -T))

wherek ,s, pandr are constants.

k (cal/seciC is the conductivity of the boundaries: the qugrdf calories/sec that is loss
for each degree of difference between the inteandlexternal temperature.
s(°C/sec/cal) is a kind of specific heat: the tempegaincrease of the room for each
calorie produced inside.

p (cal/m3) is a heat power of the gas: the quanfisatories produced by a¥of gas.

MAX (X%, y)is a function that it is equal to its greater argmin Thus ifT >T, the value of

the function is 0.
r is the constant of the control system; it is eqoadhe quantity of gas that flows for each
degree of temperature difference between the targethe room temperature.
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Notice thatgis an auxiliary variable that can be eliminatedshbipstitution. The difficulty
to solve the resulting equation analytically, lieshe non linear functioMAX .

The simplicity get by the use of feedback can e ge this example. To control the
temperature by feed-forward implies to represeptieitly each process that may introduce
changes in temperature: changes in outside tenypeyatpening and closing of doors and
windows, entering and going out of people, turrongand off of other heating devices
(lamps, irons, etc.). Besides that, the calculatibtineir effects on temperature and the
compensatory actions by firing gas must be donthdrfeedback approach the only
variable to take into account is the variable totow: the temperature. This simplicity is
the cause of the widespread use of feedback inigdlybiological, social and economic
systems.

Another important concept that can be extractenhfitms example is the problem of the
identification of parameters. If, ignoring the case in whidh>T, , and therefore the non

linear function, andg is substituted in the first equation this is redlit®the

form:T' = —hT + m where thehand mare functions of the parametekss, p (assuming
that T,, T, andr are known). The analytical solutidh:%(l—e‘“‘) corresponding to an

initial temperature of T (any other value could be taken) may be usedttmate
mandh by non linear regression. But this is useless lezthere are 3 unknown

parameterk,s, p in the model and only two equations that relh#&st with the estimated

valuesmandh. So, independent experiments must be performeteaystem to find the

structural parameter,s, p. These problems of lack of the identificatiortté structural

parameters by means of the observed behavior gygtem appears in multi-equation

models with linked variables. Some simple casesraeted in Econometric Modeling.

j) Catastrophes.

Many dynamic systems can be described by a smaathidonU (x;, X,,...,X,, )of their state
variablesx, x,,...,X, , calledpotential function, such that, the dynamic equations are

expressed by :
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X = o 1=12,..,n

0%,

The vector with component$:—a—u, —a—U
ox  0X

,—g—u) is calledgradient and points to the
X.

direction of the maximum growth of the functibh(x;, x,,...,x, )

It is clear that at a stationary point of the fumietU it must be:x' = Q the x, does not

change, so that the system is at an equilibriumtpdhat must be stable, unstable or a
saddle point. Ifn= 2U represents a surface ir'.  there is a point on this surface that
move by gravity, and the friction is enough to méhke moment near zero (there is no
inertial effects). This point may follow a pathwafose direction is in each point opposed
to the gradient, that is, it points in the direntmf maximum downward slope. The

projection of this point on the plamg x, is a trajectory of the system toward the point of

the lowest potential energy, that is a stable dzuiim point. The points corresponding to
the maximum otJ are unstable equilibrium points and the saddlatpdd points that are
only of stable in one direction.

An important question is what happens if the fiorxctU changes a little. In mathematical
terms: what happens if there is a small changts iparameters. It is possible that the nature
of the minima does not change (although their ppstmay change a little). In this case it
is said that the systemsg ucturally stable. On the contrary if a minimum disappear or it
is transformed into a maximum or into a saddle pihia system is structurally unstable.
Structural stability is important because in thal rgorld the system undergo small random
perturbations, or the measurements made on theletéomine its state are subject to
errors, so that only structurally stable systemsespond to entities in which is it possible
to appreciate a proper identity on spite of thasetdiations.

To study structural instead of ordinary stabilte tspace of the parameters must be
considered. The potential function depends not @iy the state variables but also on the

vector of parameters = (c,,C,,...,.C, .)

Example 1: If the potential function is = x* + ¢, x it is clear from:
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ou

=3x%*+¢,
0 X

that for c, <0 the function has a minimum ak = ,/c, /3 and a maximum at = —,/c, /3
If c,is increased these two stationary points coalesce+ Othat is an inflexion point.

This is called a critical point, in which stabilitpllapses. For positive values of there
are not stationary points.

In general the set of values of the parametera/fach the stability collapses is called
critical set. In this case it is reduced to a point. This tgpeatastrophe is called fold (see
Figure 1)

Example 2 : If the potential function isty = x* + ¢,x* + ¢,x then:

2)
ai:4x3+2c1x+c2 oy

™ e =12x* +2¢,

The critical points otJ occur when4 x® + 2¢,x + ¢, = 0 that for certain values of,
andc, has three critical points (maximum or minimum)eyltoalesce in two saddle
points were the second derivative vanisigx® + 2c, = . Fdom these two equations it

results:8c; +27cZ = Othat correspond to the critical set. In thec, plane this

corresponds to a cunvg =23/-c2 which represents a cusp with the vertex in thgiori

This type of catastrophe is called cusp.
There are seven types of catastrophes for systetingour or less parameters. (Andrews
1976, Poston 1978).
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EXERCISES

1. Show that in an exponential growth with cagéint k the time to duplicate the
guantity isln2/k, and in an exponential decreasing process ih auone the

guantity is reduced to one half.

2. The diameter of the earth is 6366 km and 292fnd. The actual population is
approximately 5,940,000,000. The growth rate muald.4%. In what year will be one

person by square meter?.

3. Some micro-organisms (paramecium notatumpeswn in vitro and fed at a
constant rate by bacillus (bacillus piocianeis)tha tube a constant salt concentration
allows the paramecium to reproduce, but nor tdot@llus. Thus, the rate of feeding
is controlled and is maintained constant. The teatpee is also kept fixed. The
concentration of paramecia is observed daily. Téta dbtained are:

t days 0 1 2 3 5

Paramecia/mih 30 63 92 152 230

1

If the growth were proportional to the populatitve growth would be exponential.

Test the correction of this hypothesis by adjusthegdata to a lawy = y,€ where

y is the concentration of paramecia, and fipdandk .
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(Fit the data to the linear functiomy =Iny, + kt, use a statistical program or

logarithmic paper).

If the experiment is pursued further the data are:
t days 5 6 7 8 9
Paramecia/mfh 236 240 250 272 260

Assume that the growth is limited by the foadg/cnT . If bis the quantity of food per
cm® need to maintain one individual and replace th®next period, then the fraction

of the food to maintain the densityliy /a. The fraction available to growth is

1-by/a. Wheny grows this fraction decreases uriiyt , /a= ahdy,, =al/bis

the limit density. The equation of growthgl% = k(l—i)y that corresponds to a

max

N/
logistic:y = 2™ __
g =1+ ce™

Use a program of non-linear fitting to find thewes of:y .k, c.

Note that even a good fitting does not confirmhigpothesis of the limitation in
feeding to explain the stop in growing. Suggesentiypothesis and possible

experiments to take a decision.

4. Integrate the differential equation fioe trajectories of example 4.3.2 d.

5. Show that the systexh=y+ x(1—-x* —y® )y =-x-y(l-x*-y?) has acycle

limit: the circle of unit radius. (Put the equationpolar coordinates)

6. Show that a linear combination of two solusiar a linear second order

differential equation is also a solution.
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7. Show that in a second order linear differgguation with constant coefficients,

if the characteristic equation has two equal raqtthe expressiome™ is a solution.

8. Compute the constants A and B for the sahutibthe free oscillation when the
roots of the characteristic equations are equatlamascillation starts from the
distance 5 from the equilibrium point with zeroaty. It is s=4Kg./seg m=1Kg.

9. Show that the solution of an inhomogenemesal differential equation may be
expressed by a linear combination of the solutioih® homogeneous differential

equation and a particular solution of the inhomegers.

10. An electric circuit is formed by a condengkcapacity C, a resistance R, and a
solenoid of inductance L connected in series. Theesat isi . The electric differences

of potential (d.d.p.) are:

for the condense%jidt (Volta’s Law)

for the resistanceiR (Ohm’s Law)
for the solenoid: L% ( Faraday’s Law)

In a closed series circuit the sum of the d.dzer®. Establish the differential equation

for the oscillations in this circuit.

11. Assume that between two elements of the ¢iofutxercise 10, an alternate
electromotive forceEserat is applied. Develop, for the electrical oscillaigoof the
currenti , the same analysis that was made for mechanic#llat®ns. Indicate the
analogies between the constants and the variablestto cases: the mechanics and the

electrical.
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